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« The DTFT provides a frequency-domain representation of

discrete-time signals and LTI discrete-time systems

« Because of the convergence condition, in many cases, the
DTFT of a sequence may not exist, thereby making it
Impossible to make use of such frequency-domain
characterization in these cases

« A generalization of the DTFT defined by
X(ej(!)) — Zx[ ] —](!)H

}1=—00
leads to the z-transform

« z-transform may exist for many sequences for which the
DTFT does not exist

« Use of z-transform permits simple algebraic manlpulatlons
Original PowerPoint slides prepared by S. K. Mitra
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* For a given sequence g[n], its z-transform G(z) is defined

as. _ o0
G(z)= ) gln]z™"

n=—0ao0

where z = Re(z) + j Im(z) is a complex variable
« If we let z =r e, then the z-transform reduces to

G(V@JG))— Zg[ ] —n —](l)i?

« The above can be mterpreted as the DTFT of the
modified sequence {g[n]r "}

* Forr=1(i.e, |z| = 1), z-transform reduces to its DTFT,
provided the latter exists

* The contour |z| = 1 is a circle in the z-plane of unity

radius and is called the unit circle
Original PowerPoint slides prepared by S. K. Mitra 4-1-3
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* Like the DTFT, there are conditions on the convergence
of the infinite series

Q0

> gln]z""

n=—0
« For a given sequence, the set R of values of z for which

its z-transform converges is called the region of
convergence (ROC)

* From our earlier discussion on the uniform convergence
of the DTFT, it follows that the series

. o0 .
G(V e](!)) — Zg[n] r—}"? e—](!)}"?

n=—a0

« converges if {g[n]r "} is absolutely summable, i.e., if

i gln]r™

Original PowerPoint slides prepared by S. K. Mitra N=—a0 4-1-4
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* In general, the ROC R of a z-transform of a sequence
g[n] is an annular region of the z-plane:
- <|z| < Rg+
where 0 < R,- < Ro+ <o
* Note: The z-transform is a form of a Laurent series and

IS an analytic function at every point in the ROC

« Example — Determine the z-Transform X(z) of the causal
sequence x[n] = a” y[n] and its ROC
° NOW X(Z) — Za??u[n]z—?? — o ?Z—f?

N=—0o0 n=0

 The above power series converges to
X(z)=—

l-az
Original Poweg)lnt s‘%es!:lp?reepa%g]@gl@blﬁaeglon |Z| > |a| 4-1-5
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« Example — Determine the z-Transform u(z) of the unit
step function p[n] can be obtained from

X(z2)= T for‘a2_1‘<l
l-az
by setting a = 1:
n(z)= 1_1, for |z 7' <1
-z

* Note: The unit step function y[n] is not absolutely
summable, and hence its DTFT does not converge
uniformly

Original PowerPoint slides prepared by S. K. Mitra 4-1-6
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« Example — Consider the anti-causal sequence

yln] = —a"u[-n -1]
 lIts z-transform is given by

—1 o0
Y(Z) _ Z_ OLHZ_” _ _ Z(X._mZm

N=—00 m=I
—1
i e o Z
— 0 IZ ZO( mZm:_ =
m=0 l—o 'z
1 1
= T for‘oc z|<1
l—oz

 ROC is the annular region |z| < |qa|

Original PowerPoint slides prepared by S. K. Mitra 4-1-7
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* Note: the z-Transforms of two sequences a"u[n] and
—au[—n —1] are identical even though the two parent

sequences are different
* Only way a unique sequence can be associated with a z-
transform is by specifying its ROC

« The DTFT G(e") of a sequence g[n] converges uniformly
if and only if the ROC of the z-transform G(z) of g[n]
Includes the unit circle

« The existence of the DTFT does not always imply the
existence of the z-transform

Original PowerPoint slides prepared by S. K. Mitra 4-1-8
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« Example — the finite energy sequence
SN .77
hLP[n]=7, —o0<n<ao
has a DTFT given by
, 0=,

0, w,<0<n

HLP(@j(D) = { ,
which converges in the mean-square sense

* However, h ;[n] does not have a z-transform as it is not
absolutely summable for any value of r

Original PowerPoint slides prepared by S. K. Mitra 4-1-9
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Sequence z-Transform ROC
é[n] 1 All values of z
|
uln) — 2l > 1
1 -2
; 1
o u[n] = z| > ||
]l —az
1 — (rcos wo)z"l
r’ cos wyn)wn zZl > r
( on)p{n] 1 — 2rcoswy)z=t 4+ réz2 2
, (r sim:o.g)z-1
r’ sin won) w[n zZl >r
( ol 17 (2r coswp)z™! +r2z=2 i
4-1-10
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* In the case of LTI discrete-time systems we are
concerned with in this course, all pertinent z-transforms

are rational functions of z°!

« That is, they are ratios of two polynomials in z™'

Gy P@ _potpiz 4ty 2 M 4 py

D(Z) d ‘|‘d z —|— —|—dN_IZ_(N_l) —I—dNZ_N
 The degree of the numerator polynomial P(z) is M and
the degree of the denominator polynomial D(z) is N

* An alternate representation of a rational z-transform is as
a ratio of two polynomials in z:

M M-1
G(z) = (N-M) Po? + Pz Tt Py 12T Py

doZ ‘|‘dlZN_l‘|‘““‘|‘dN_IZ+dN

Original PowerPoint slides prepared by S. K. Mitra 4-1-11
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« A rational z-transform can be alternately written in
factored for oo T =&,z
G(z) = 01 1/=1 4

dO‘_ 4_?[:1 (1 — 2’62_1)

M |
_ . v-a) Pol Ly (z=c0)
do| févzl(z — )

« At aroot z = ¢, of the numerator polynomial G(¢,), and as
a result, these values of z are known as the zeros of
G(z)

« At aroot z= A of the denominator polynomial G(A)) — o,
and as a result, these values of z are known as the
poles of G(z)

Original PowerPoint slides prepared by S. K. Mitra 4-1-12
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 Consider M -
G(z)= zN-M) PO [1,2(z=&0)

dOH?/:l(Z —A)

* Note G(z) has M finite zeros and N finite poles

« If N> M there are additional N — M zeros at z = 0 (the
origin in the z-plane)

* If N < M there are additional M — N poles at z =0 (the
origin in the z-plane)

Original PowerPoint slides prepared by S. K. Mitra 4-1-13
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 Example — the z-transform
|
n(z)= e for |z > 1
|-z
hasazeroatz=0andapoleatz=1
1lm z
Zewoatz=0
Region of
convergencs
\ Re z
\ Poleatz=1
Unitcircle

Original PowerPoint slides prepared by S. K. Mitra 4-1-14
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« A physical interpretation of the concepts of poles and zeros
can be given by plotting the log-magnitude 20log,,|G(z)| for

1-2.4z7'1+288272
108z +0.64272

G(z)=

 The magnitude plot
exhibits very large peaks
around the poles of G(z)
(z=0.41£,0.6928)

It also exhibits very
narrow and deep wells
around the location of
the zeros (z=1.21/1.2)

Original PowerPoint slides prepared by S. K. Mitra 4-1-15
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« ROC of a z-transform is an important concept

« Without the knowledge of the ROC, there is no unique
relationship between a sequence and its z-transform

 =The z-transform must always be specified with its ROC

 Moreover, if the ROC of a z-transform includes the unit
circle, the DTFT of the sequence is obtained by simply
evaluating the z-transform on the unit circle

* There is a relationship between the ROC of the z-
transform of the impulse response of a causal LTI
discrete-time system and its BIBO stability

« The ROC of a rational z-transform is bounded by the
locations of its poles

Original PowerPoint slides prepared by S. K. Mitra 4-1-16
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ROC of a Rational z-Transform
« Example — the z-transform H(z) of the sequence h[n] =

(-0.6)"u[n] is given by s

z=— 006

|
H(Z)_1+06 -1’ 2] < 0.6 \<§K -

Zeroat z=0

« Here the ROC is just outside the circle going through the
point z=-0.6

« A sequence can be one of the following types: finite-
length, right-sided, left-sided and two-sided

« The ROC depends on the type of the sequence of interest

Original PowerPoint slides prepared by S. K. Mitra 4-1-17
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« Example — Consider a finite-length sequence g[n] defined
for —-M < n < N, where M and N are non-negative integers

and [g[n]| < oo

 lIts z-transform is given by
N+M N+M—n
gln—M]z
G(z) = Z g[n)z" == 5
n=—M Z
* Note: G(z) has M poles at z=wow and N poles at z=0

« As can be seen from the expression for G(z), the z-
transform of a finite-length bounded sequence converges
everywhere in the z-plane except possibly at z =0 and/or
atz =0

Original PowerPoint slides prepared by S. K. Mitra 4-1-18
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 Example — A right-sided sequence with nonzero sample

values for n =2 0 is sometimes called a causal sequence
« Consider a causal sequence u4[n], with its z-transform

given below o0
Uy(z)= > uy[n]z™"
n=0

* |t can be shown that U,(z) converges exterior to a circle |z
= R,, including the point z = «
* On the other hand, a right-sided sequence u,[n] with

nonzero sample values only for n =2 - M with M
nonnegative has a z-transform U,(z) with M poles at z = «

« The ROC of U,(z) is exterior to a circle |z| = R,, excluding
the point z = «

Original PowerPoint slides prepared by S. K. Mitra 4-1-19
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« Example — A left-sided sequence with nonzero sample
values for n < 0 is sometimes called a anti-causal

sequence
« Consider a causal sequence v,[n], with its z-transform

given below 0 -
)= Y wlnlz™
Nn=—a0
* |t can be shown that V,(z) converges interior to a circle |z|
= R;, including the point z =0
* On the other hand, a right-sided sequence V,[n] with
nonzero sample values only for n < N with N nonnegative
has a z-transform V,(z) with N poles at z =0

« The ROC of V,(z) is interior to a circle |z| = R,, , excluding

Original thenaint Ze;%ng by S. K. Mitra 4-1-20
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Example — The z-transform of a two-sided sequence w|n]
can be expressed as

Q0 o0 _l
W(z)= ZW[I”Z]Z_” = Zw[n]z_” S Zw[n]z—”
n=0

N=—0a0 n=—00

The first term on the RHS, can be interpreted as the z-
transform of a right-sided sequence and it thus converges
exterior to the circle |z| = R;

The second term on the RHS, can be interpreted as the z-
transform of a left-sided sequence and it thus converges
interior to the circle |z| = Ry

If R < Rg, there is an overlapping ROC: R; < |z| < R;

If R > Rg, there is no overlap (the z-transform do not exist)
4-1-21
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« Example — The z-transform of a two-sided sequence w[n]
can be expressed as
uln] = a”
where a can be either real or complex
* lts z-transform is given by |
U(z)= ioc”z_” = ioc”z_” + ioc”z‘”
n=0

n=—0o0 n=—a0

* The first term on the RHS converges for |z| > |a| , whereas
the second term converges |z| < |q|

* There is no overlap between these two regions
* Hence, the z-transform of u[n] = a” does not exist

Original PowerPoint slides prepared by S. K. Mitra 4-1-22
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 The ROC of a rational z-transform cannot contain any
poles and is bounded by the poles

« To show that the z-transform is bounded by the poles,
assume that the z-transform X(z) has simple poles at z = a
and z=f3

« Assuming that the corresponding sequence x[n] is a right-
sided sequence, x[n] has the form
x{n] = (ra” + ") pln = Nol, o] < ||
where N, is a positive or negative integer

* Now, the z-transform of the right-sided sequence y"u[n -
N,] exists if 0

2

n=N
. L o 4-1-23
Original PowerPoint slides prepared by S. K. Mitra

The McGraw-Hill Companies e McGraw-Hill Companies, Inc., 2007

n

Y'z7" < o0 for some z



DA ~Ff D At;
RUCLU O a mal

* The following condition holds for |z| > |y| but not for |z]| < |y]

0 0]

2

n=N,
 Therefore, the z-transform of
x[n] = (o™ + r,B") u[n = Ny, |al <|B]
has an ROC defined by |B]| < |z| £ w
» Likewise, the z-transform of a left-sided sequence
x[n] = (ra™ + ") u[- n = No], |a] <|B]
has an ROC defined by 0 < |z| < |q|

« Finally, for a two-sided sequence, some of the poles
contribute to terms in the parent sequence for n < 0 and

the other poles contribute to terms n =0
Original PowerPoint slides prepared by S. K. Mitra 4-1-24
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« The ROC is thus bounded on the outside by the pole with
the smallest magnitude that contributes for n < 0 and on
the inside by the pole with the largest magnitude that

contributes forn =0

* There are three possible ROCs of a rational z-transform
with poles at z=a and z =3 (Ja| < |B])

Region of _ ) 1m
m 2 convergence Imz Region of
convergence

a
.

(a) ib) (c)

Original PowerPoint slides prepared by S. K. Mitra 4-1-25
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* In general, if the rational z-transform has N poles with R
distinct magnitudes, then it has R + 1 ROCs

« There are distinct sequences with the same z-transform

* Hence, a rational z-transform with a specified ROC has a
unique sequence as its inverse z-transform

« MATLAB [z,p,k] = tf2zp(num,den) determines the zeros,
poles, and the gain constant of a rational z-transform with
the numerator coefficients specified by num and the
denominator coefficients specified by den

* [num,den] = zp2tf(z,p,k) implements the reverse process

« The factored form of the z-transform can be obtained using
S0S = zp2s0s(z,p,k)

Original PowerPoint slides prepared by S. K. Mitra 4-1-26
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* The pole-zero plot is determined using the function zplane

* The z-transform can be either described in terms of its
zeros and poles: zplane(zeros,poles) or, in terms of its
numerator and denominator coefficients zplane(num,den)

« Example — The pole-zero plot of

G(5) 2z% +162° + 4422 +562+32 |
2= ol 0
32443231522 +182-12 Z S

g Op---%------- e e -
obtained using MATLAB g L
T R M
Real Part

Original PowerPoint slides prepared by S. K. Mitra 4-1-27
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« General Expression: Recall that, for z = re7/®, the z-
transform G(z) given by

G(z)= Yo o glnlz"" =S5 gn]r e "
Is merely the DTFT of the modified sequence g[n]r"
* Accordingly, the inverse DTFT is thus given by

1 o
T G(re]o.))e]o.)ndco

—7
glnlr™ =2 I '
« By making a change of variable z = re7/®, the previous

equation can be converted into a contour integral given by

glnl= . [G(2)="d:

21 ¢

where C'is a counterclockwise contour of integration
defined by |z| = r 4.1.08

Original PowerPoint slides”prepared by S. K. Mitra
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« But the integral remains unchanged when it is replaced with
any contour C encircling the point z = 0 in the ROC of G(z)

» The contour integral can be evaluated using the Cauchy’s
residue theorem resulting in

: ~ n—l
oln]=3 remdu.es of Q(z?z ]
at the poles inside (

« The above equation needs to be evaluated at all values of n

and

CAlI IT\A

« A rational z-transform G(z) with a causal inverse transform
g[n] has an ROC that is exterior to a circle

 It's more convenient to express G(z) in a partial-fraction
expansion form and then determine g[n] by summing the

iInverse transform of the individual terms in the expansmn
Original PowerPoint slides prepared by S. K. Mitra

The McGraw-Hill Companies The McGraw-Hill Companies, Inc., 2007
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Inverse z-Transform by Partial-

Fraction Expansion
« A rational G(z) can be expressed as

D(Z) Z;\rod;z_l

« If M= N then G(z) can be re-expressed as
Y hH(z2)
G(z) = fZE) e +D(z)

where the degree of P,(z) is less than N
* The rational function P,(z)/D(z) is called a proper fraction

« Example — Consider
G(z)=

2408271 +052z72403z7°
1408271402277

« By long division we arrive at

|
-  G(z)=-35+1.5z7" 5'5+12'12 2 4-1-30
Original PowerPoint slide 1408z "+02z
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Inverse z-Transform by Partial-

Fraction Expansion
Simple Poles: In most practical cases, the rational z-
transform of interest G(z) is a proper fraction with simple
poles

Let the poles of G(z) beatz=A1<ks<N
A partial-fraction expansion of G(z) is then of the form

N
G(z)=z[ e J

(=1 1—?\.62_1
The constants in the partial-fraction expansion are called
the residues and are given by

pe=(-2z)G(2),,,

Each term of the sum in partial-fraction expansion has an
ROC given by |z| > |A| and, thus has an inverse transform

n
Original Fgc))yvetpo%t Zﬁ?jgrp]regefrgj\lgy y LnrJlitra 4-1-31
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Inverse z-Transform by Partial-
Fraction Expansion

« Therefore, the | mverse transform g[n] of G(z) is given by
gln]= pr(lc) pln]

(=1
* Note: The above approach with a slight modification can

also be used to determine the inverse of a rational z-
transform of a non-causal sequence

« Example - Let the z-transform H(z) of a causal sequence
h[n] be given by
2(z+2) 1+2z7"
(z=0.2)(z+0.6) (1-02z"")(1+0.6z7)

A partial-fraction expansion of H(z) is then of the form

P1 P2
H(z)= -
1-02z7" 1+0.6z"

Original PowerPoint slides prepared by S. K. Mitra 4-1-32
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Inverse z-Transform by Partial-
Fraction Expansion

* Now
14227
0 =(1-02zDH(2)| ., = — 975
1 =02 140.627Y _,
- -1
p22(1+0.62_1)H(z)\2__06= L+2z 1 =_1.75
U0 10227 .
« Hence
2.75 1.75

H(z)=

1-02z7" 140627

« The inverse transform of the above is therefore given by
h[n]=2.75(0.2)" u[n]—1.75(-0.6)" y[n]

Original PowerPoint slides prepared by S. K. Mitra 4-1-33
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Inverse z-Transform by Partial-

Fraction Expansion

« Multiple Poles: If G(z) has multiple poles, the partial-
fraction expansion is of slightly different form

« Let the pole at z = v be of multiplicity L and the remaining N
— L polesbe simpleandatz=A,1<s/sN-L

* Then the partial-fraction expansion of G(z) is of the form

] M-N _, N-L p, L .
G(z)= 2 mz + 2 D D p
(=0 =1 l=A,z " =1(l-vz")

where the constants are computed using
_ I dt
(L=)(=)" T d(z

a-v=6)] L 1sisL

zZ=V

Yi

* The residues p, are calculated as before

Original PowerPoint slides prepared by S. K. Mitra 4-1-34

The McGraw-Hill Companies cGraw-Hill Companies, Inc., 2007



Inverse z-Transform via Long
Division
* The z-transform G(z) of a causal sequence {g[n]} can be
expanded in a power series in z*

 In the series expansion, the coefficient multiplying the term
z"is then the n-th sample g[n]

* For a rational z-transform expressed as a ratio of
polynomials in z™1, the power series expansion can be
obtained by long division

« Example - Consider
- -1
H(z)= 1+2z

. 1+04z71-0.12272 | |
« Long division of the numerator by the denominator yields

H(z) =1+1.6 271 - 0.52 272 + 0.4 73— 0.2224 74 + ...
+ Asaresult, {h[n]} = {1 1.6-0.52 0.4 -0.2224 ...}, n=0_

Original PowerPoint slides prepared by S. K. Mitra
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Property Sequence z -Transform ROC
gln] G(z) Re
hin] H(z) R
Conjugation 2%[n) G*(z%) Rg
Time-reversal gl—n] G(l/z) 1/Re
Linearity ag(n] + Bh[n] aG(z)+ BH(z2) I[ncludes Ry NRy
Time-shifting gln —ny) 7 G(z) Ry, except possibly
the point z = 0 or 00
Multiplication by
an exponential a" g[n) G(z/a) | Rog
sequence
Differentiation ein) . dG(z) Ry, except possibly
of G(z) dz the point z = 0 or oo
Convolution gln]l@®h[n] G(z)H(z) Includes Ry NRy
Modulation g[nlhn] :.{?'r—j fe G)H(z/v)v~ dv  Includes Ry Ry,

o0

> glnlh*[n) = gz fe GW)H*(1/v*)v~ ! dv
H==00

Note: If R denotes the region Ry~ < lz| < Ry+ and R denotes the region Ry- < |z| <
Ry+, then 1/R, denoltes the region 1/Rg+ < |2z] < l,r‘ﬁ'g- and RgRy, denotes the region
-Rp- < lz|l < R+ Ry+.

Parseval’s relation

Original PowerPoini Ry 4-1-36
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« Example - Consider the two-sided sequence
vin] = a"u[n] = B"u[-n —1]

* Let x[n] = a”uy[n] and y[n] = — B"W[—-n —1] with X(z) and Y(z)
denoting, respective_ly, their z-transforms

 Now X(z)= , lz|> o
—oz”
and 1
Y(2)= e , lz1<B]

* Using the Iinearlty property we arrive at
V(iz)=X(z)+Y(z)= 1 — 1 =
l-a:z 1-p4z
« The ROC of V(z) is given by the overlap regions of |z| > |q]|
and |z| <[B]
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z-Transform Properties
« Example - Determine the z-transform and its ROC of the

causal sequence
vin] = r" (coswn)u[n]
« We can express x[n] = v[n] + v*[n] where
vn|= %F”e"'(ﬂonu[ﬁ] = %OL”M[H]
* The z-transform of v[n] is given by
R S U
2 1—oqzl 2 |—pe/® z717

« Using the conjugation property we obtain the z-transform of
v*[n] as

Viz)= ‘Z‘ >‘OL‘ =54

1 1
*(z%) =1, =1,
DS l—o*z7l 2 [—pe /@ 771

2| > |a
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» Using the linearity property we get

l—re/®z7l 1—pe /%7

X<)=V(z)+V*(z*) = { : —= _l _1J

1—(rcos 0)0)2‘1

X(z2)= ;
(2) 1—(2rcos (,00)2_1 +p2z72

z|>r

« Example - Determine the z-transform Y(z) and the ROC of
the sequence

yin] = (n + 1)a"u[n]
 We can write y[n] = n x[n] + x[n] where x[n] = a”u[n]
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* Now, the z-transform X(z) of x[n] = a"u[n] is given by
|
X(z)=- T z\>\a\
l-az

« Using the differentiation property, we arrive at the z-
transform of nx[n] as
dX(z) oz !

—z ——_ —,  |z/>o
dz (1-ozh

» Using the linearity property we finally obtain

| oz} |
Y(z)= —+ — = —
2 l-az' (-az)? (A-azhH?

z|> |
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LTI Discrete-Time Systems in the

Transform Domain

 An LTI discrete-time system is completely characterized in
the time-domain by its impulse response sequence {h[n]}

* Thus, the transform-domain representation of a discrete-
time signal can also be equally applied to the transform-
domain representation of an LTI discrete-time system

» Besides providing additional insight into the behavior of LTI
systems, it is easier to design and implement these
systems in the transform-domain for certain applications

* We consider now the use of the DTFT and the z-transform
In developing the transform-domain representations of an
LTI system
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LTI Discrete-Time Systems in the
Transform Domain

« Consider LTI discrete-time systems characterized by linear
constant coefﬂment dlfference equations of the form

dey” k)= Zpkx” k]
k=0 k=0

* Applying the z-transform to both sides of the difference
equation and making use of the linearity and the time-
Invariance propertles we arrlve at

dez Y(Z)— Zpkz X(Z)

k=0 k=0
* A more convenient form of the z-domain representation of

the difference equation is given by

> drz " [Y(2)=| 2 ppz " |X(2)
k=0 k=0
Original PowerPoint slides prepared by S. K. Mitra 4-1-42
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« A generalization of the frequency response function
« The convolution sum description of an LTI discrete-time
system with an impulse response h[n] is given by
vinl= 2 hlk]x[n—k]

k=—0

« Taking the z-transforms of both sides we get

Y(z)= i,v[n]z_”= Z (
k

nN=—0o0 N=—u0

oo

h[k]x[n — k]J z "

= i h[k]{ %x[n—k]z_”

fr=—o0 N=—00

e e /|
=y h[k]{ 3 xf 0]z P
fr=—o0 (=—o0
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« Or, Y(z)= ¥ h[k]{ fx[é]z"sz"f
0 f=

 Therefore, Y(z)z[ glq[k]é;kJX(z)
fk=—c0c

_/

H(z)
* Hence, H(z) = Y(z)/X(z)
* The function H(z), which is the z-transform of the impulse

response h[n] of the LTI system, is called the transfer
function or the system function

« The inverse z-transform of the transfer function H(z) yields
the impulse response h[n]
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« Consider an LTI discrete-time system characterized by a
difference equation

Z}lo d,yln—k]= Z}lio prxln—kj
« lIts transfer function is obtained by taking the z-transform of
both sides of the above equation

K
%
Zk 09Kz
« Or, equivalently as - ) Do izt
z ,
SN gV

« An alternate form of the transfer function is given by

M, i
H(Z):po.uuk:](.l_sz _)
%o -w}y:l(l_;“kz_l)
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* Or, equivalently as

| dO Jk l(Z Ar)
* &1, &y, ..., G are the finite zeros, and 44, 4,, ..., 4y are the
finite poles of H(z)
 If N> M, there are additional (N - M) zeros at z=0
« If M> N, there are additional (M — N) poles at z=0

« For a causal IR digital filter, the impulse response is a
causal sequence

 The ROC of the causal transfer function is thus exterior to a
circle going through the pole furthest from the origin

« Thus the ROC is given by \z\>max\kk\
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Example - Consider the M-point moving-average FIR filter
with an impulse response M=8

1/M, 0<n<M-1
0: otherwise _ 05

1]
o

hin|=

S S

Imaginary Part

A5

Its transfer function is then given by

1 M-l [ -M M _ L

O e R S
M 2 M-z M[zM(z-D)]

* The transfer function has M zeros on the unit circle at

z=elmkM Q< k<M-1
 There are poles at z=0 and a single pole at z = 1
 The pole at z = 1 exactly cancels the zero at z = 1

 The ROC is the entire z-plane except z=0
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 Example — A causal LTI IR filter is described by a constant
coefficient difference equation given by

e yinl=xin -1]1-1.2 x[n - 2] + x[n - 3]+13y[n 1]

—-1.04 y[n - 2] + 0.222 y[n - 3] -
* lts transfer function is therefore given by ;| |
-1 ) _3 e e T
H(z)=— z. .1.22 .-i-Z : gmq
1-1.3z71+1.04z72-0.2222™ R
° . 32 —12z+1 i 1 05 :J 05 1
Alternate forms: H(z) =

z3—1.322 +1.04z-0.222
 (z-0.6+70.8)(z—0.6—j0.8)
(z—0.3)(z—0.5+ j0.7)(z—0.5— j0.7)
* Note: Poles farthest from z = 0 have a magnitude ./0.74
« ROC: |z| > /074
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Frequency Response from Transfer

Function

» If the ROC of the transfer function H(z) includes the unit
circle, then the frequency response H(e/*) of the LTI digital
filter can be obtained simply as follows:

H(ejfl)) — H(Z)‘Zzejm

* For a real coefficient transfer function H(z) it can be shown

that ‘H(ejo))‘z — H(ejo))H * (ejo))
= H(/)H(e )= H(HH (T _
* For a stable rational transfer function in the form

M
H(Z) — &Z(*N_JM) i & th?if:l (-Z o 5}{)
do o (2= 4)
the factored form of the frequency response is given

M ]
JO _
H(ejo)) — &ejo)(N—M) 11f=] (e ik)
Original PowerPoint slides prepare dO N (ef(” %
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Geometric Interpretation of
Frequency Response Computation

* |tis convenient to visualize the contributions of the zero
factor (z - ¢,) and the pole factor (z - A,) from the factored

form of the frequency response
« The magnitude function is given by

‘H (ef@)‘ = @‘ ejco(N—M)‘ —[flil ‘e‘jm - ‘:k‘
i :]}L\Izl‘e‘fm —7%‘
which reduces to o
Po -j}czl‘@]m - ik‘

Heel") =

. i?\/r -

 The phase response for a ratlonal transfer function is of the
form aI‘z‘%f'if(e""") arg(po/do)+®(N M)

+Zarg(€’°° Cic) — Zal‘g(e’%0 M) 4-1-50
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Geometric Interpretation of
Frequency Response Computation

« The magnitude-squared function of a real-coefficient
transfer function can be computed using

2 M - _ - *
[T (7 — & )(e™/® —£})
T2, e/ = )(e™® =15

Po
dy

H(eo) =

« The factored form of the frequency response

H(e/®) =20 gjov-) L L= (e’ =E0)
%o [T (@7 =)
s convenient to develop a geometric interpretation of the
frequency response computation from the pole-zero plot as
w varies from 0 to 21T on the unit circle

 The geometric interpretation can be used to obtain a sketch
of the response as a function of the frequency
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Geometric Interpretation of
Frequency Response Computation

« A typical factor in the factored form of the frequency
response is given by

(e - pe?)
where pe?is a zero (pole) if it is zero (pole) factor

« As shown below in the z-plane the factor (e — pe/?)

represents a vector starting at the point z = pe/® and ending
on the unit circle at z = e

Jjimz

« As w is varied from 0 to 21, the j
tip of the vector moves counter- Z
clockwise from the point z = 1 N .
tracing the unit circle and back to o
the point z = 1 K J
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Geometric Interpretation of

Frequency Response Computation
* As indicated by

1e’” _ék‘
[0
_ 1 e’ _kk‘

the magnitude response |H(e/w)|at a specific value of w is
given by the product of the magnitudes of all zero vectors
divided by the product of the magnitudes of all pole vectors
* Likewise, from |
arg H(e/®)=arg(py/dy)+o(N — M)
+pharg(e’” — &) - Tpsarg(e’” = Ay
« we observe that the phase response at a specific value of
w Is obtained by adding the phase of the term p,/d, and the
linear-phase term w(N — M) to the sum of the angles of the

zero vectors minus the angles of the pole vectors 4153
Original PowerPoint slides prepared by S. K. Mitra

The McGraw-Hill Companies McGraw-Hill Companies, Inc., 2007

M
po § JLkz
d N

ol |-

H(e/”) =




Geometric Interpretation of
Frequency Response Computation

» Thus, an approximate plot of the magnitude and phase
responses of the transfer function of an LTI digital filter can
be developed by examining the pole and zero locations

 Now, a zero (pole) vector has the smallest magnitude when
w=0¢
« To highly attenuate signal components in a specified

frequency range, we need to place zeros very close to or
on the unit circle in this range

» Likewise, to highly emphasize signal components in a
specified frequency range, we need to place poles very
close to or on the unit circle in this range
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Stability Condition in Terms of the
Pole Locations

 In addition, for a stable and causal digital filter for which
h[n] is a right-sided sequence, the ROC will include the unit
circle and entire z-plane including the point z = «

* An FIR digital filter with bounded impulse response is
always stable

* On the other hand, an IR filter may be unstable if not
designed properly

 In addition, an originally stable IIR filter characterized by
Infinite precision coefficients may become unstable when
coefficients get quantized due to implementation
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Stability Condition in Terms of the

Pole Locations

« A causal LTI digital filter is BIBO stable if and only if its
Impulse response h[n] is absolutely summable, i.e.,

S = i‘h[n]‘ <0

* We now develop a stability condition in terms of the pole
locations of the transfer function H(z)

 The ROC of the z-transform H(z) of the impulse response
sequence h[n] is defined by values of |z| = r for which
h[n]r" is absolutely summable

e Thus, if the ROC includes the unit circle |z| = 1, then the
digital filter is stable, and vice versa
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Stability Condition in Terms of the
Pole Locations

« Example — Consider the causal LTI lIR transfer function:
|
1-1.845271 +0.8505862 7

H(z)=
« The plot of the impulse response is shown below
°l . h[n] |
g, };':’5 a%«r? |
<€ 2r’ . |
20 30 40 50 60 70
Time index n

As can be seen from the above plot, the impulse response
coefficient h[n] decays rapidly to zero value as n increases
« The absolute summability condition of h[n] is satisfied,
s a stg nsfer function 4157
cGraw-Hill Companies, Inc., 2007
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Stability Condition in Terms of the

Pole Locations

Now, consider the case when the transfer function coef. are
rounded to values with 2 digits after the decimal point:

|
1-1.85z714+0.85272
* A plot of the impulse response of

h|n]

IA{(Z) =
3[1*1] IS shown below

=)

I eaua
&
K

Amplitude
e
SN

BT AL SR TSIV NN a Vh W
0 10 20 %O 40 50 60 70
Time index n

* In this case, the impulse response coefficient j[;] increases

rapidly to a constant value as n increases
n upstable transfer function 4-1-58
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Stability Condition in Terms of the
Pole Locations

» The stability testing of a |IR transfer function is therefore an
Important problem

* In most cases it is difficult to compute the infinite sum
S=>"___|hn] <o

* For a causal lIR transfer function, the sum S can be
: =
computed approximately as Sy =Y., _,/hl7]

* The partial sum is computed for increasing values of K until
the difference between a series of consecutive values of Sy
Is smaller than some arbitrarily chosen small number, which
is typically 107°

* For a transfer function of very high order this approach may

not be satisfactory
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Stability Condition in Terms of the
Pole Locations

« Consider the causal IR digital filter with a rational transfer
function H(z) given by

Zﬁopkz_k
Treodiz"
 Its impulse response {h[n]} is a right-sided sequence

« The ROC of H(z) is exterior to a circle going through the
pole furthest fromz =10

« But stability requires that {h[n]} be absolutely summable
e This in turn implies that the DTFT of {h[n]} exists

* Now, if the ROC of the z-transform H(z) includes the unit
circle, then

H(z)=

H(e/®)=H(z)

= e.f'(")
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Stability Condition in Terms of the
Pole Locations

« Conclusion: All poles of a causal stable transfer function
H(z) must be strictly inside the unit circle

« The stability region (shown shaded) in the z-plane is shown
below

jIm:z
J stability region
/i \A/( Re z
—1 / 1
unit circle — =
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Stability Condition in Terms of the
Pole Locations

- Example: The factored form of

1
H(z)= :
(2) 1-0.845271+0.850586 22

IS ,
H(2)= (1-0.902z71)(1-0.943z71)
which has a real pole at z = 0.902 and a pole at z=0.943
« Since both poles are inside the unit circle H(z) is BIBO stable

« Example: The factored form of
A 1
. O T 8571708522
IS [ 1
(2)= (1-z71)(1-0.85z71)
which has a pole at z = 1 and the other inside the unit circle

« Since one pole is not inside the unit circle, H(z) is not BIBO

__slapie . 4-1-62
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